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ON THE DIFFERENTIABILITY OF DIRECTIONALLY
DIFFERENTIABLE FUNCTIONS AND APPLICATIONS
HANNES LUIRO
Abstract. In the first part of this paper we establish, in terms of
so called k-tangential sets, a kind of optimal estimate for the size and
structure of the set of non-differentiability of Lipshitz functions with
one-sided directional derivatives. These results can be applied to many
important special functions in analysis, like distance functions or differ-
ent maximal functions.
In the second part, having the results from the first part in our use,
we focus more carefully on the differentiability properties of the classical
Hardy-Littlewood maximal function. For example, we will show that if
f is continuous and differentiable outside a σ-tangential set, then the
same holds to the maximal function Mf as well (if Mf 6≡ ∞). As an
another example, our results also imply that if f is differentiable almost
everywhere (and Mf 6≡ ∞), then Mf is differentiable a.e.
1. Introduction
The original motivation of this research is raised by the study of the dif-
ferentiability properties of the classical Hardy-Littlewood maximal function
(1) Mf(x) = sup
r>0
−
∫
B(x,r)
|f(y)| dy = sup
r>0
1
|B(x, r)|
∫
B(x,r)
|f(y)| dy .
The first step on this field of study was taken by J. Kinnunen who observed
thatM is a bounded operator in the Sobolev-spaces W 1,p(Rn) when 1 < p ≤
∞ [Ki]. Some of the extensions and related results can be found e.g. from
[AP],[HM],[HO],[KL], [Ko], [KS], [Lu] and [Lu2].
Our initial goal, in the case of maximal functions, was to find optimal esti-
mates for the size of the non-differentiability points of Mf in the case where
f itself is differentiable or a.e. differentiable. It seems that in the context
of maximal operators these questions have not been studied before. Maybe
the most relevant result in this direction is from P. Hajłasz and J. Malý
who showed that Mf is approximately differentiable if f is approximately
differentiable ([HM, Thm. 1]).
The investigation of the above question quickly led us to consider much
more general problem, the differentiability of functions f : Rn → R such
that the ’one-sided’ directional limit
(2) lim
λ→0+
f(x+ λθ)− f(x)
λ
=: Dθf(x)
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exists for every x ∈ Rn and unit vector θ ∈ Rn. We will call these functions
as directionally differentiable functions. Many important special functions in
analysis, while not being everywhere differentiable, like convex functions, dis-
tance functions, pointwise maximum functions, different maximal functions
etc., are still directionally differentiable. As we will see, this applies also to
the Hardy-Littlewood maximal function Mf , if f itself is differentiable.
The interplay between the directional differentiability and the real differ-
entiability, also in more general context of Banach spaces, have been most
intensively studied in optimization theory but also in geometric measure
theory and PDE-theory (see e.g. [ACP], [C], [BC] and references therein).
Naturally, the main focus has been on the evaluation of the size and structure
of the set of non-differentiability.
It is not difficult to see (see e.g. [ACP]) that the set of non-differentiability
of a directionally differentiable Lipschitz-function f is σ-porous, thus it can
be included in a countable union of sets Ei such that for any x ∈ Ei there
exists 0 < δi(x) <
1
2 so that for any 0 < r < 1 there exists a ball B(y, δr) ⊂
B(x, r) \ Ei. More careful analysis shows that actually δ(x) can be chosen
independently on x or i and also arbitrarily close to 12 . This argument also
implies the obviously best Hausdorff dimension estimate, n − 1, for the set
of non-differentiability.
However, from topological point of view, the above porosity results can
be evidently improved, but it seems that more precise estimates have not
been published before, except in the most simple (and important) special
case of convex functions (see [Z] and [P]). It seems that the main focus in
the previous researches on this area (like in [BC]) has not been on proving
optimal results in the case of real-valued functions on euclidean spaces but
on more general context of Banach spaces.
In our main Theorem 2.6 we prove, in terms of k-tangential sets, a kind of
optimal estimate for the size and structure of non-differentiability points of
directionally differentiable Lipschitz functions. Before stating the results, let
us introduce some notation. For a linear subspace V ⊂ Rn, its orthogonal
complement is denoted by V ⊥. We say that E ⊂ Rn is k-tangential, 0 ≤ k ≤
n − 1, if for every x ∈ E there exists a k-dimensional linear subspace Vx so
that if x+ hk ∈ E and hk → 0 as k →∞, then
|h
V ⊥x
k |
|hVxk |
→ 0 as k →∞ ,
where hk = h
Vx
k + h
V ⊥x
k such that h
Vx
k ∈ Vx and h
V ⊥x
k ∈ V
⊥
x . We call n − 1-
tangential sets simply as tangential sets. If E can be covered by a countable
union of k-tangential sets, we say that G is σ-k-tangential.
It is clear that k-tangential sets does not need to have finite Hausdorff
k-measure. However, it is well known that k-tangentiality implies the k-
rectifiability (see e.g. [M, Lemma 15.13]), which again implies that every
σ-k-tangential set can be covered by a countable union of k-tangential sets
with finite Hausdorff k-measure.
In our main Theorem 2.6 we will show that outside a σ-k-tangential set,
there exists a k+1-dimensional linear subspace Vx so that f is differentiable
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at x in respect to Vx and all ’halfspaces’ H of the form
H = {v + λb : v ∈ Vx , λ ≥ 0} , b ∈ R
n .
The differentiability in respect to certain linear subspace (or halfspace) V
here simply means that the restriction of f to x + V is differentiable at x.
The proof and exact formulation of this result are given in Section 2.
The following theorem is a direct consequence of Theorem 2.6:
Theorem 1.1. Let f : Rn → R be directionally differentiable and Lipschitz.
Then f is differentiable up to a countable union of tangential sets.
In the end of the Section 2 some basic examples of applications of Theorem
2.6 are given. In Section 3 we go back into our original question concerning
the Hardy-Littlewood maximal functions. We prove the following theorem:
Theorem 1.2. If f is continuous and differentiable outside a σ-tangential
set and Mf(x) 6≡ ∞, then Mf is continuous and differentiable up to a σ-
tangential set.
A big part of the proof of this theorem follows from Theorem 2.6, but some
additional results are still needed, essentially because we do not assume that
f is C1-function nor anything about the behaviour of f at infinity. Some
of those auxiliary lemmas have also their own interest. For example, as a
corollary of our results we get that maximal operator preserves the almost ev-
erywhere differentiability, providing a natural counterpart for [HM, Thm. 1].
Acknowledgements. The author would like to thank Lizaveta Ihnatsyeva,
Juha Kinnunen and Antti Käenmäki for useful conversations.
2. Directionally differentiable Lipschitz-functions
2.1. Premilinaries. Let us begin with listing some notation. The unit
sphere {x ∈ Rn : |x| = 1} is denoted by Sn−1 and unit ball by Bn. For
A ⊂ Rn and x ∈ Rn, define |x−A| = inf{|x− y| : y ∈ A}. If δ > 0, then the
δ-extension of A ⊂ Rn is defined by
A(δ) = {x ∈ R
n : |x−A| ≤ δ }.
The Hausdorff distance H for A ⊂ Rn and B ⊂ Rn is defined by
H(A,B) = inf{δ > 0 : A ⊂ B(δ) and B ⊂ A(δ) }.
Moreover, let A,B ⊂ Rn and define
A+B = {a+ b : a ∈ A, b ∈ B } ,
〈A〉 = {
k∑
i=1
λkak : k ∈ N, ak ∈ A ,λk ∈ R } ,
〈A〉+ = {
k∑
i=1
λkak : k ∈ N, ak ∈ A ,λk ≥ 0}.
In the proof of Theorem 2.6 we have to do some elementary linear algebra on
subspaces of the form W = 〈A〉+, called as semi-linear subspaces in future.
The set of these spaces is denoted by Wn. The subset of Wn of all linear
subspaces is denoted by Vn.
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Remark. If considered just for the purposes of the results below, the above
definitions (as well as some auxiliary lemmas below) are somewhat too gen-
eral kind of. Indeed, in the proof of the main theorem the most complicated
semi-linear subspaces are of the form H − 〈a〉+, where a ∈ Rn and H is a
half-space of the form H = V +〈b〉+ such that V ∈ Vn and b ∈ R
n . However,
that kind of general approach was chosen, partly because that choice do not
remarkably complicate the presentation, partly for the purposes of possible
further studies e.g. in finite dimensional Banach spaces.
We endow Wn and Vn with metric Hc which is just a restriction of the
Hausdorff metric to the unit ball, thus
(3) Hc(A,E) = H(A ∩Bn, E ∩Bn) .
Observe that Hc(A,E) = 0 if and only if the closures A ∩Bn and E ∩Bn
coincide and, moreover, Hc(A,B) = Hc(A
′, B′) if A = A′ and B = B′ . For
this reason, we will assume in future, without changing any notation that
two elements of Wn coincide if their closures coincide, thus Wn is actually
the set of equivalence classes determined by that equivalence relation.
Now it is easy to check that (Wn,Hc) and (Vn,Hc) are compact
1. Fur-
thermore, if Vi ∈ Vn such that Vi → V ∈ Vn as i→∞, it clearly follows that
dim(Vi) = dim(V ) for i large enough. This implies that for each 0 ≤ k ≤ n
we have that
(4) {V ∈ Vn : dim(V ) = k} =: V
k
n
is a compact subspace of Vn .
In the proof of Theorem 2.6 the differentiability of a given function has to
be considered in respect to certain type of semi-linear subspaces. Therefore,
let us say that L : W 7→ R, where W ∈ Wn, is linear if
(5) L(λ1w1 + λ2w2) = λ1L(w1) + λ2L(w2) if w1, w2 ∈W , λ1, λ2 ≥ 0 .
The set of these mappings is denoted by L(W ) . As expected, L(W ) coincides
in a suitable way with the set of W -restrictions of linear functions L : Rn →
R . This is briefly verified in the following proposition:
Proposition 2.1. Let W ∈ Wn and L : W → R linear in the sense of
(5). Then there exists a linear function L′ : Rn → R such that L′|W = L .
Moreover, L′ can be chosen such that the Lipschitz-constant of L′ is equal to
the Lipschitz-constant of L .
Proof. Let W = 〈A〉+ , A ⊂ Rn . It follows from elementary linear algebra
that the interior of 〈A〉+ is nonempty in linear subspace 〈A〉 =: V , thus
there exists B(a, r), a ∈ A and r > 0, such that B(a, r) ∩ V =: V ′ ⊂ 〈A〉+.
Then it is easy to see that (5) guarantees that restriction L|V ′ has a unique
linear extension L′ to the whole linear subspace V . Furthermore, (5) also
implies that two W -linear functions coincide if they coincide in an open sub-
set of W , thus we get that L′ is also the extension of L. Finally, the desired
extension in whole Rn is naturally given by defining for x = x1+x2, x1 ∈ V
1It is well known that for any compact set K ⊂ Rn, the set of all subsets of K is
compact, if endowed with Hausdorff-metric and natural equivalence relation [A] = [B] if
A = B
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and x2 ∈ V
⊥ that L′(x1 + x2) = L
′(x1) . 
In the proof of Theorem 2.6, the following measure of the non-differentiability
has a key role:
Definition 2.2. Let f : Rn → R, W ∈ Wn, x ∈ R
n and define
(6) τ(W,f, x) = inf
L∈L(W )
(
lim sup
w→0 ,w∈W
|f(x+ w)− f(x)− L(w)|
|w|
)
.
Proposition 2.1 guarantees that the equivalent definition of τ(W,f, x)
would be also achieved if L(W ) in (6) is replaced with L(Rn) .
We say that f is W -differentiable at x if τ(W,f, x) = 0. One can show
by an easy compactness argument that then there exists L ∈ L(W ) and
ε : W → R such that limw→0 ε(w) = 0 and
(7) f(x+w) = f(x) + L(w) + |w|ε(w) .
In that case we say that L is the W -derivative of f at x .
In the following lemma we verify the basic continuity properties for the
directional derivatives and the functions τ(W,f, x).
Lemma 2.3. Let f be a Lipschitz function with Lipschitz constant K > 0.
Then
(1) If f is directionally differentiable at x, then the mapping θ → Dθf(x) on
Sn−1 is Lipschitz with constant K. Moreover,
sup
|h|≤r
∣∣∣∣f(x+ h)− f(x)|h| −Dhf(x)
∣∣∣∣→ 0 as r → 0 .
(2) The function W → τ(W,f, x) is Lipschitz in Wn with constant 5K, for
every x ∈ Rn .
Proof. (1) We may assume that x = 0 and f(0) = 0. For the first claim,
let θ, θ′ ∈ Sn−1 and ε > 0. By choosing r small enough we get that
|Dθf(0)−Dθ′f(0)| ≤
∣∣∣∣f(rθ)r −
f(rθ′)
r
∣∣∣∣+ ε
=
|f(rθ)− f(rθ′)|
r
+ ε ≤ K|θ − θ′|+ ε ,
where K is the Lipschitz constant of f . This implies the first claim. For the
second claim, assume, on the countrary that there exist xk ∈ R
n, xk → 0 as
k →∞, such that
(8)
∣∣∣∣f(xk)|xk| −Dxkf(0)
∣∣∣∣ ≥ λ > 0 .
We may assume that xk|xk| =: θk → θ0 ∈ S
n−1. The desired contradiction
then follows, since the lefthandside in (8) can be estimated by∣∣∣∣f(|xk|θk)|xk| −
f(|xk|θ0)
|xk|
∣∣∣∣+
∣∣∣∣f(|xk|θ0)|xk| −Dxkf(0)
∣∣∣∣
≤K|θk − θ0|+
∣∣∣∣f(|xk|θ0)|xk| −Dθ0f(0)
∣∣∣∣+ |Dθ0f(0)−Dθkf(0)| k→∞−→ 0.
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(2) We may assume that x = 0 = f(0) . In order to estimate the difference
|τ(W,f, 0)−τ(W ′, f, 0)| for givenW,W ′ ∈ Wn, we may assume by symmetry
that τ(W,f, 0) > τ(W ′, f, 0). Let then ε > 0 and choose a linear mapping
L : Rn → R such that
τ(W ′, f, 0) ≥ lim sup
w′→0 ,w′∈W ′
|f(w′)− L(w′)|
|w′|
− ε .
It is clear that we may assume that the Lipschitz constant of L is less or
equal than 3K. For simplicity, let us denote
G(x) :=
|f(x)− L(x)|
|x|
.
By applying the same linear approximation L also for W , it follows that
τ(W,f, 0) − τ(W ′, f, 0) ≤ lim sup
x→0 ,x∈W
G(x) − lim sup
x→0 ,x∈W ′
G(x) + ε
= lim
r→0
(
sup
x∈W,|x|≤r
G(x) − sup
x∈W ′,|x|≤r
G(x)
)
+ ε .(9)
Suppose that above the supremum in the lefthandside is achieved, up to error
at most ε, with xr ∈ W , |xr| ≤ r . Then by the definition of the Hausdorff-
distance and the semilinear structure of W and W ′, we find x′r ∈W
′ so that
|x′r| = |xr| and
|xr − x
′
r| ≤ |xr|2Hc(W,W
′) .
Therefore,
|G(xr)−G(x
′
r)| =
∣∣∣∣ |f(xr)− L(xr)||xr| −
|f(x′r)− L(x
′
r)|
|x′r|
∣∣∣∣
≤
|f(xr)− f(x
′
r)|
|xr|
+
|L(xr)− L(x
′
r)|
|xr|
≤ 5KHc(W,W
′) ,
where K is the Lipschitz constant of f . Combining this with (9) (and recall-
ing that ε was arbitrary small) gives the claim. 
The following lemma has a crucial role in the proof of our main Theorem
2.6 below. It is basically a simple modification of the fact that if continuous
function f is linear in a given half space V +〈b〉+ =: H(V, b) =: H and direc-
tionally linear in respect to the fixed point a 6∈ V , then f is linear also in the
larger (usually) space H − 〈a〉+ . The proof of this fact is just a straightfor-
ward calculation. Unfortunately, unless the following Lemma is essentially
based on this calculation, the proof is rather long and tedious, thanks to
certain error terms, which have to be carried through the calculations.
Another reason for the length of the following proof is that cases a ∈ 〈V, b〉
and a 6∈ 〈V, b〉 are kind of different nature. Remark that if a ∈ 〈V, b〉 \ H,
then H − 〈a〉+ = H, thus the claim is trivial. In turn, if a ∈ H then
H −〈a〉+ = 〈V, b〉 and thus the linearity is extended from half-space H(V, b)
to linear subspace 〈V, b〉 . However, in this case the dimension of the set of
linearity is not increased, unlike in the case a 6∈ 〈V, b〉 .
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Lemma 2.4. Suppose that f is Lipschitz, directionally differentiable at x0
and H(V, b)-differentiable, where V ∈ Vn, 1 ≤ dim(V ) ≤ n−1 , b ∈ V
⊥. Let
xi → x0 so that
xi−x0
|xi−x0|
→ θ0 6∈ V and
(10)
∣∣∣∣f(xi + h)− f(xi)|h| −Dhf(xi)
∣∣∣∣ < δ
for every i and h < r0 . Then τ(H(V, b) − 〈θ
0〉+, f, x0) ≤ 5δ .
Proof. We may assume that x0 = 0 and f(x0) = f(0) = 0. Denote by LH
the H-derivative of f at 0 and let Wi = H − 〈θi〉
+. Moreover, let xi = riθi,
where θi ∈ S
n−1, ri > 0 and suppose that w ∈Wi, thus
(11) w = h+ λθi , where h ∈ H(V, b) and λ ≤ 0 .
Then observe, by elementary calculation that
xi +
ri
ri − λ
(w − xi) =
ri
ri − λ
h =: w˜ .
Thus, w˜ ∈ H lies on the line segment between w and xi. Then we straight-
forwardly calculate that
f(w) = f(xi) +
f(w)− f(xi)
|w − xi|
|w − xi|
= f(xi) +
f(w˜)− f(xi)
|w˜ − xi|
|w − xi|+R
i
1(w)
= f(xi) + (f(w˜)− f(xi))
ri − λ
ri
+Ri1(w)
= f(w˜)(
ri − λ
ri
) +
λ
ri
f(xi) +R
i
1(w)
= LH(w˜)(
ri − λ
ri
) +
λ
ri
f(riθi) +R
i
1(w) +R
i
2(w)
= LH(h) + λDθ0f(0) +R
i
1(w) +R
i
2(w) +R
i
3(w) ,(12)
where
Ri1(w) =
∣∣∣∣f(w)− f(xi)|w − xi| −
f(w˜)− f(xi)
|w˜ − xi|
∣∣∣∣|w − xi| ,
Ri2(w) =
(ri − λ
ri
)
(f(w˜)− LH(w˜)) and
Ri3(w) = λ(
f(riθi)
ri
−Dθ0f(0)) .
Let us then estimate the above error terms in the case |w| = |xi|. For R1,
notice that |w| = |xi| implies that |w˜| ≤ |w|, since w˜ lies on the line segment
between w and xi. Then it follows directly from the assumption (10) that
|Ri1(w)| ≤ 2δ|w − xi| ≤ 4δ|w| if w ∈Wi , |w| = |xi| .
In the case of R2, recall also that |w˜| ≤ |w|. Because LH is the H-derivative
of f at 0, it follows that (if |w| = |xi|)
|Ri2(w)|
|w|
≤
(ri − λ
ri
)
εi =
(
1 +
|λ|
ri
)
εi ,
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where εi → 0 as i→∞ . Especially, εi can be chosen to be independent on
w. The corresponding estimate holds for R3, as well. This follows, because
∣∣f(riθi)
ri
−Dθ0f(0)
∣∣ ≤ ∣∣f(riθi)
ri
−
f(riθ
0)
ri
∣∣+ ∣∣f(riθ0)
ri
−Dθ0f(0)
∣∣
≤ K|θi − θ
0|+
∣∣f(riθ0)
ri
−Dθ0f(0)
∣∣→ 0 as i→∞ .
Summing up, we have shown that there exists a sequence εi
i→∞
−→ 0 such
that if λ ≤ 0, h ∈ H and |h+ λθi| = |xi| = ri, then
(13)
|f(h+ λθi)− LH(h)− λDθ0f(0)|
|h+ λθi|
≤ 4δ +
(
1 +
|λ|
|h+ λθi|
)
εi .
Furthermore, since
sup
|x|≤r , 0≤t≤1
∣∣∣∣ f(tx)|tx| −
f(x)
|x|
∣∣∣∣→ 0 as r → 0
by Lemma 2.3, it is easy to see that (13) holds (after a possible redefinition
of εi) also if the assumption |h+λθi| = |xi| is replaced with |h+λθi| ≤ |xi| .
To finish the proof, we treat the cases θ0 6∈ 〈V, b〉 and θ0 ∈ 〈V, b〉 separately.
Case θ0 6∈ 〈V, b〉. Observe that assumptions θ0 6∈ 〈V, b〉 and θi → θ
0, as
i → ∞, guarantee that if i is large enough, then each w ∈ Wi has a unique
expression w = h+ λθi. Then it is easy to check that mapping L : Wi → R,
defined by
L(w) = L(h+ λθi) = LH(h) + λDθ0f(0) ,
is well definedWi-linear mapping. Furthermore, assumption θi → θ
0 6∈ 〈V, b〉
as i → ∞ guarantees the existence of c > 0 such that if i is large enough,
then |h + λθi| ≥ c|λ| (for all h ∈ H , λ ∈ R). Combining this with (13)
implies that for i large enough,
(14)
|f(w)− L(w)|
|w|
≤ 5δ if w ∈Wi .
This implies that τ(Wi, f, 0) ≤ 5δ. Since Wi → H − 〈θ
0〉+ as i → ∞, the
desired estimate τ(H − 〈θ0〉+, f, 0) ≤ 5δ follows from Lemma (2.3).
Case θ0 ∈ 〈V, b〉. Observe that in this case, if θ0 6∈ H(V, b), then H(V, b) −
〈θ0〉+ = H(V, b) and the claim is trivial. Therefore, it suffices to consider the
case θ0 ∈ H(V, b), whence H(V, b) − 〈θ0〉+ = 〈V, b〉 = 〈V, θ0〉 =: W (recall
θ0 6∈ V ). Then define L : W → R by
L(v + λθ0) = LH(v) + λDθ0f(0) , where v ∈ V and λ ∈ R .
Now L is well defined W -linear mapping and extends the H(V, b)-derivative
LH to 〈V, b〉 . For the claim τ(W,f, 0) ≤ 5δ, it suffices to show that
(15) lim sup
w→0 , w∈W\H
|f(w)− L(w)|
|w|
≤ 5δ .
For (15), observe first that θ0 6∈ V and θi → θ
0, as i→∞, guarantee the
existence of c′ > 0 such that if i is large enough, then |v+λθ0|, |v+λθi| ≥ c
′|λ|
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for all v ∈ V , λ ∈ R. Moreover, if i is large enough, then
|v + λθi| ≤ |v + λθ
0|+ |λ||θ0 − θi| ≤ |v + λθ
0|(1 +
1
c′
|θ0 − θi|)
≤ 2|v + λθ0| for every v ∈ V , λ ∈ R .
Combining the above facts with (13) we finally get that if i is large enough,
then
|f(v + λθ0)− L(v + λθ0)|
≤ |f(v + λθ0)− f(v + λθi)|+ |f(v + λθi)− L(v + λθ
0)|
≤K|λ||θ0 − θi|+ 4δ +
(
1 +
|λ|
|v + λθi|
)
εi
≤ 5δ|v + λθ0|
for every v ∈ V and λ < 0 such that |v + λθ0| ≤ ri2 . This verifies (15) and
completes the proof. 
Definition 2.5. Let f : Rn → R and x ∈ Rn. The maximal differentiability
degree of f at x is defined by
γ(f, x) = max
{
dim(V ) : V ∈ Vn , τ(V + 〈b〉
+, f, x) = 0 for all b ∈ Rn
}
.
Theorem 2.6. Let f : Rn → R be directionally differentiable Lipschitz-
function and 0 ≤ k ≤ n− 1 . Then it holds that the set
(16) Ek := {x ∈ R
n : γ(f, x) = k}
is σ-k-tangential.
Proof. Fix 0 ≤ k ≤ n − 1 and let x ∈ Ek. Observe first that γ(f, x) = k
implies that there exists δ(x) > 0 such that for every k + 1-dimensional
linear subspace V either τ(V, x, f) ≥ δ(x)(especially in the case k = n − 1)
or then one can find b ∈ Rn \ V such that τ(〈V, b〉+, f, x) ≥ δ(x) . This can
be shown easily by using compactness of Wn and V
k
n , and the continuity of
the function W → τ(W,f, x) in Wn (Lemma 2.3). Therefore, we may write
Ek ⊂
∞⋃
j=1
{x ∈ Ek : δ(x) >
1
j
} =:
∞⋃
j=1
E
j
k .
Furthermore, for every x ∈ Ejk there exists r(j, x) > 0 such that∣∣f(x+ h)− f(x)
|h|
−Dhf(x)
∣∣ < 1
10j
,
whenever |h| ≤ r(j, x) . Thus, we have
E
j
k =
∞⋃
i=1
{x ∈ Ejk : r(j, x) ≥
1
i
} =:
∞⋃
i=1
E
j,i
k .
Now we have reached the sufficient level of separation, thus it turns out
that each set Ej,ik is k-tangential and the desired tangential k-plane at x is
exactly the k-dimensional linear subspace Vx for which the maximal degree
of differentiability is reached. To show this, suppose, on the countrary that
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x, xl ∈ E
i,j
k so that xl → x and |Vx −
xl−x
|xl−x|
| 6→ 0 as l → ∞. After the
possible choice of a subsequence, we may assume that
(17)
xl − x
|xl − x|
→ θ ∈ Sn−1 \ Vx as l→∞ .
Let then b ∈ 〈Vx, θ〉
⊥. Let ε > 0 and define
(18) Hε = H(Vx, θ + εb)− 〈θ〉
+ .
Then recall that by the definition of γ(f, x) (and Vx) it holds that τ(H(Vx, θ+
εb), f, x) = 0 (also if b = 0). This, combined with xl ∈ E
j,i
k , implies that the
assumption (10) in Lemma 2.4 is valid with constant δ = 110j and we get by
Lemma 2.4 that
τ(Hε, f, x) ≤ 5
1
10j
=
1
2j
.
Now it is easy to check that Hε → 〈Vx, θ〉 + 〈b〉
+ in Wn as ε → 0 and we
obtain (by Lemma 2.3) that
(19) τ(〈Vx, θ〉+ 〈b〉
+, f, x) ≤
1
2j
.
This applies to all b ∈ 〈Vx, θ〉
⊥. Observe that above argument is valid also
in the special case b = 0, whence 〈Vx, θ〉+ 〈b〉
+ = 〈Vx, θ〉 (this corresponds
the case θ0 ∈ H(V, b) in Lemma 2.4). Since dim(〈Vx, θ〉) = k + 1, (19) con-
tradicts with the assumption δ(x) ≥ 1
j
. The proof is complete. 
2.2. Direct applications. It is obvious that there are many important spe-
cial functions in analysis, for which Theorem 2.6 can be directly applied.
Below some basic examples are given.
Convex functions. The estimates for the size and structure of the set of non-
differentiability of a convex function has been kind of completely employed
in [Z] and [P]. However, since every convex function f : Rn → R is obviously
directionally differentiable and locally Lipschitz, Theorem 2.6 also applies
to convex functions. Kind of surprisingly, our result, while proven for much
more general class of functions, is essentially optimal also for convex func-
tions.
Distance functions. Let A ⊂ Rn non-empty and closed set and consider the
distance function g on Rn \ A,
(20) gA(x) = inf
a∈A
|x− a| = − sup
a∈A
(−|x− a|).
It is easy to see that gA is directionally differentiable. More precisely, for
every x ∈ Rn \A there exists a compact set R(x) ⊂ ∂A of those a ∈ ∂A for
which the infimum in (20) is achieved and, especially,
(21) DθgA(x) = min
y∈R(x)
θ ·
x− y
|x− y|
for θ ∈ Sn−1 .
By (21) one easily obtains that gA is differentiable at x exactly if R(x)
is singleton. Theorem 2.6 thus implies that if x ∈ Rn \ A lies outside a
σ-tangential exceptional set, then x has the unique closest point ax ∈ A. If
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desired, Theorem 2.6 actually gives us even much more precise insight into
that issue. Consider, for example, the distance function for A ⊂ R3 and the
set of points x ∈ Ac for which there exists at least three closest points in
A. It is almost a direct consequence of Theorem 2.6 that this set has to be
σ-1-tangential.
Infimal convolution. Let u : Rn → R continuous, f ∈ C1(Rn × Rn) (with
suitable growth conditions) and define
g(x) = inf
y∈Rn
(
u(y) + f(x, y)
)
.
Here g is so called infimal convolution of u respect to function f , appearing
as a standard tool e.g. in the theory of viscosity solutions (see e.g. [CIL]). It
is rather easy to see that g is directionally differentiable Lipschitz-function,
thus Theorem 2.6 can be applied to g.
2.3. Note on the optimality of Theorem 2.6. What can we say about
the sharpness of Theorem 2.6? One may, for example, consider the covering
of the non-differentiability points even by some ’smoother’ n−1-dimensional
sets than was obtained above. The following example suggests that one can
not, in general, expect remarkable refinements in this direction.
Example. Let us say that Γ : [a, b]→ R2 is regular C1-curve if |Γ′(t)| > 0
for every t ∈ [a, b] and Γ
′(t)
|Γ′(t)| is continuous. It turns out that there exists
a convex function F : R2 → R2 so that the set of the non-differentiability
points of F , denoted by E, can not be covered by any countable union of
regular C1-curves.
More precisely, define a Lipschitz-continuous convex function f : R → R
with f(x) = 0 on (−∞, 0] so that the derivative f ′ does not exist at any
rational point q ∈ (0,∞). Then it is easy to construct a convex function F
on R2 so that F is not differentiable at the graph of f , denoted by Gf .
For the claim, it suffices to show that Gf can not be covered by any desired
countable collection of curves. To verify this, choose an arbitrary collection
of regular C1-curves Γi : Ii → R
2 and observe first that by using the above
defined properties we may assume that mappings Γi are injective(by possible
division of Ii into countable many subintervals). Moreover, by using the
density of the non-differentiability points one finds for all Γi and interval
I = [a− r, a + r] ⊂ (0,∞) an interval I ′ = [b− r′, b+ r′] ⊂ [a− r2 , a+
r
2 ] so
that Γi(Ii) ∩ {(x, f(x)) : x ∈ I
′} = ∅ . Iterating this property one can easily
find a point (x0, f(x0)) which does not lie in any Γi(Ii) .
3. Applications to the maximal functions
In this section we focus, in the light of Theorem 2.6, on the differentiability
properties of Hardy-Littlewood maximal functions. To apply Theorem 2.6 in
a desired way, the directional differentiability of a maximal function at x0 has
to be considered in the situation, where essentially nothing else is assumed
for f than at most the differentiability at x0. The additional assumptions
on the continuity of the derivative or behaviour at infinity would make the
arguments shorter but lead to weaker results. Taking the advantage of the
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local nature of our arguments, we will e.g. show in this connection that
maximal operator preserves the almost everywhere differentiability.
3.1. Auxiliary results. Before the following, kind of elementary lemmata,
let us introduce some notation. For the forthcoming results, let us define the
restricted maximal operator Mλ, defined for λ ≥ 0 simply by
(22) Mλf(x) = sup
r>λ
−
∫
B(x,r)
|f(y)| dy .
Thus, using this notation M0f = Mf . It is well known that Mλf , for
λ > 0, is Lipschitz with constant Cn
λ
for any measurable function f such
that Mf 6≡ ∞.
For a locally integrable function f , the integral average of f in B(x, r) will
be denoted by fr(x). Moreover, for technical reasons, we make a convention
f0(x) = f(x) and |f |∞(x) = infy∈Rn Mλf(y) . We will use the following
concept (introduced in [Lu]) of the ’best radii’ at point x ∈ Rn :
Definition 3.1. Let f : Rn → R be locally integrable and define
Rf(x) = {λ ≤ r ≤ ∞ : Mλf(x) = |f |r(x) } .
It turns out that Rf(x) is non-empty and closed, if λ > 0, for all x ∈ Rn
and in the case of the original maximal function (λ = 0) for all Lebesgue
point x ∈ Rn of f . The special case r = ∞ is treated in Lemma 3.2 below.
For the sake of simplicity, that lemma as well as the following proposition
are formulated in the case λ = 0 but it is obvious that exactly the same
results and proofs are valid for any restricted maximal operator Mλ.
Lemma 3.2. Suppose that Mf(x0) <∞ and hk → 0 as k →∞ so that there
exists rk ∈ Rf(x0 + hk) so that rk → ∞ as k → ∞ . Then ∞ ∈ Rf(x0),
thus x0 is the global minimum of Mf , and
(23)
Mf(x0 + hk)−Mf(x0)
|hk|
→ 0 as k →∞ .
Proof. The claim follows by rather standard estimate for Hardy-Littlewood
maximal functions: Let x ∈ Rn and observe that
Mf(x) ≥ −
∫
B(x,rk+|x0+hk−x|)
|f(y)| dy
≥
(
rk
rk + |x0 + hk − x|
)n
−
∫
B(x0+hk,rk)
|f(y)| dy
≥ (1−
|x0 + hk − x|
rk + |x0 + hk − x|
)n(Mf(x0 + hk) .
First of all, since Mf(x0) < ∞, we get that Mf(x0 + hk) < C < ∞ for k
large enough. Then it is easy to see that the latter claim (23) follows from
above by substitution x = x0. Combining this with the lower semicontinuity
of Mf , we obtain that Mf(x0 + hk) → Mf(x0) as k → ∞. This finally
implies, by the above estimate that Mf(x0) ≤Mf(x) for any x ∈ R
n. This
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completes the proof. 
We also need the following proposition:
Proposition 3.3. Suppose that Mf 6≡ ∞ and f is continuous at x. Assume
also that ri ∈ Rf(x + hi) such that hi → 0 and ri → r0 < ∞ as i → ∞.
Then r0 ∈ Rf(x).
Proof. Assumption Mf 6≡ ∞ and the continuity of f at x imply that Mf
is continuous at x. Therefore, Mf(x + hi) → Mf(x) as i → ∞. But this
implies the claim, since
Mf(x+ hi) = −
∫
B(x+hi,ri)
|f(y)| dy → −
∫
B(x,r0)
|f(y)| dy as i→∞ . 
The following lemma deals with the critical case Mf(x) = |f(x)| and it
has an important role in theorems 1.2 and 3.10.
Lemma 3.4. Let f : Rn → R be locally integrable, x ∈ Rn, and suppose that
(24) f(y) = f(x) +D · (y − x) + |y − x|u(y − x) ,
for some D ∈ Rn and u : Rn → R . Then∣∣∣∣ −
∫
B(x+h,r)
f(y) dy − −
∫
B(x,r)
f(y) dy −D · h
∣∣∣∣ ≤ |h|Cn( sup
a≤r+|h|
|u(a)|) .
Proof. Observe that
−
∫
B(x+h,r)
f(y) dy − −
∫
B(x,r)
f(y) dy
=
1
|Br|
(∫
B(x+h,r)\B(x,r)
f(y) dy −
∫
B(x,r)\B(x+h,r)
f(y) dy
)
.(25)
Plugging in the formula (24) to the above integrals and using the fact
1
|Br|
(∫
B(x+h,r)\B(x,r)
D · (y−x) dy −
∫
B(x,r)\B(x+h,r)
D · (y−x) dy
)
= D ·h
one obtains that (25) equals with
D · h +
1
|Br|
( ∫
B(x+h,r)\B(x,r)
|y − x|u(y − x) dy
−
∫
B(x,r)\B(x+h,r)
|y − x|u(y − x) dy
)
,
where the absolute value of the latter ’error’ term is bounded from above by
Cn|B(x+ h, r) \B(x, r)|
rn
(
sup
|a|≤r+|h|
|u(a)|
)
(r + |h|) .
By treating separately the cases r ≤ |h| and r > |h| one can verify that
(26)
|B(x+ h, r) \B(x, r)|(r + |h|)
rn
≤ C ′n|h| .
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This completes the proof. 
3.2. Singular set of the maximal function. Let us denote the difference
quotient of f at x, respect to h ∈ Rn, by
(27) Dh(x) :=
f(x+ h)− f(x)
|h|
,
and define the singular set of f by
Sf :=
{
x ∈ Rn : lim sup
h→0
|Dh(x)| =∞
}
.
Theorem 3.5. Suppose that f is a locally integrable function so that Mf 6≡
∞. Then the singular set of Mf is contained in the singular set of f .
Proof. Suppose that Mf 6≡ ∞ and x ∈ S(Mf), thus there exists a
sequence hk ∈ R
n, hk → 0 such that
(28) Dhk(Mf)(x) =
|Mf(x+ hk)−Mf(x)|
|hk|
−→ ∞ if k →∞ .
Let us prove the claim by contradiction, thus assume that x 6∈ S(f) i.e. there
exists constant C > 0 and r0 > 0 such that D
hf(x) < C when |h| < r0 .
Especially this implies that f is continuous at x, which in turn implies that
Mf is continuous at x if Mf(x) <∞. This holds, since Mf(x) =∞ would
(in this case) imply that Mf ≡ ∞ .
Then, let us choose for each k radius rk which almost gives the maximum
average at x+ hk. More precisely, choose rk such that
(29) Mf(x+ hk) ≤ −
∫
B(x+hk,rk)
|f(y)| dy +
|hk|
k
.
It follows that (rk) is bounded, since otherwise one can use the argument in
Lemma 3.2 to obtain a contradiction with (28). The same follows also in the
case where rk > λ > 0 for all suitably large k . This follows e.g. by observing
that in this case Mf(x) = Mλf(x) and
|Mf(x+ hk)−Mλf(x+ hk)| ≤
|hk|
k
.
Then it is easy to check that the Lipschitz continuity of Mλf implies the
desired contradiction with assumption (28). The proof is thus complete if we
can reach a contradiction also in the remaining case where the the sequence
rk is not bounded from below. In this case we may assume, by extracting a
subsequence, if needed that rk → 0 as k →∞. Moreover, by the continuity
of f at x it follows that Mf(x) = |f(x)|.
Since lim suph→0D
hf(x) <∞, it holds that
(30) f(x+ h) = f(x) + ux(h)|h| ,
where ux : R
n → R is bounded when |h| < r0 .
Then we recall the estimate from Lemma 3.4 to obtain
(31)
Mf(x+ hk)−Mf(x)
|hk|
≤ C ′(n)( sup
B(0,rk+hk)
(ux)) +
1
k
.
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Even easier argument shows that also
Mf(x)−Mf(x+ hk)
|hk|
=
|f(x)| −Mf(x+ hk)
|hk|
≤
1
|hk|
(
|f(x)| − lim sup
r→0
−
∫
B(x+hk ,r)
|f(y)| dy
)
≤ C ′(n)( sup
B(0,2hk)
(ux)) .
Since rk + hk < r0 if k is big enough and supB(0,r0)(ux) < ∞ it follows
that Dhk(Mf)(x) 6→ ∞. This completes the proof. 
3.3. Directional differentiability and differentiability almost every-
where. To apply the results from Section 2 we have to consider the direc-
tional differentiability of maximal functions. For that, we need the following
proposition:
Proposition 3.6. If f : Rn → R is continuous and 0 < r < ∞, then fr is
C1-function and
(32) Dθfr(x) =
Cn
r
−
∫
∂B(x,r)
f(y)
θ · (y − x)
r
dHn−1(y) .
Moreover, the mapping (r, x) → Dfr(x) is continuous on (0,∞) × R
n .
Proof. The formula (32) above is just a straightforward calculation. The
latter claim follows easily from (32). 
Lemma 3.7. Suppose that λ ≥ 0 and f : Rn → R is continuous with
Mλf 6≡ ∞. Then Mλf is directionally differentiable for all λ > 0, and
(33) DθMλf(x) = sup
r∈Rf(x)
Dθ|f |r(x) for every θ ∈ S
n−1 .
Moreover, if f is differentiable at x, then Mf is directionally differentiable
at x and also the formula (33) is valid at x for λ = 0.
Proof. Let θ ∈ Sn−1 and observe that
lim sup
h→0
Mλf(x+ hθ)−Mλf(x)
|h|
= lim
i→∞
Mλf(x+ hiθ)−Mλf(x)
|hi|
,
for some sequence (hi), hi → 0 as i → ∞. If λ > 0, Mλf is Lipschitz, thus
the limit on the right hand side exists. In the case λ = 0, the differentiability
of f at x implies that x does not lie in the singular set of |f |, thus the limit
exists by virtue of Theorem 3.5.
Suppose then that ri ∈ Rf(x + hiθ) . By extracting a subsequence, if
needed, we may assume that ri → r0 ∈ Rf(x) as i → ∞, λ ≤ r0 ≤ ∞
(Lemma 3.3 is used here). Then
(34)
Mf(x+ hiθ)−Mf(x)
|hi|
≤
|f |ri(x+ hiθ)− |f |ri(x)
|hi|
→ Dθ(|f |r0)(x) .
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The convergence above results from the previous auxiliary results; in the
case where 0 < r0 <∞, one can easily show that the convergence is valid by
the continuity of the mapping (r, x) → Dθ|f |r(x) on (0,∞) × R
n , following
from Proposition 3.6. In the case of r0 = ∞ (recall the convention |f |∞ ≡
infy∈Rn Mλf(y)) one has to use Lemma 3.2. Finally, if λ = 0, it may happen
that r0 = 0. In this case the convergence is valid, by Lemma 3.4, if |f | is
differentiable at x. This holds if f is differentiable at x, since Mf(x) =
|f(x)| > 0 (Mf(x) = 0 implies f ≡ 0).
For the reverse inequality, observe that for every r ∈ Rf(x) (also if r = 0
or r =∞) it holds that
(35)
lim inf
h→0
Mf(x+ hθ)−Mf(x)
|h|
≥ lim inf
h→0
|f |r(x+ hθ)− |f |r(x)
|h|
= Dθ|f |r(x) .
Obviously the claim follows from (34) and (35). Remark that in the case
λ > 0 one has to consider above only the case r0 > 0 (34) and r ≥ λ > 0
(35). In this case the needed auxiliary lemmas does not assume the differ-
entiability for |f |. 
Then we obtain the following corollary.
Corollary 3.8. If f is a continuous function such that Mλf 6≡ ∞ and
λ > 0, then Mλf satisfies the assumptions of Theorem 2.6, thus it holds for
0 ≤ k ≤ n that the set where the maximal differentiability degree of Mλf
equals to k is at most σ-k-tangential. Moreover, the same conclusion holds
for Mf (case λ = 0) if f is differentiable and Lipschitz.
Lemma 3.9. Let f : Rn → R such that Mf 6≡ ∞ and let E|f |, Ej and
EMf denote the non-differentiability points of |f |, max{|f |,M 1
j
f} and Mf ,
respectively. Then
(36) EMf ⊂ E|f | ∪
∞⋃
j=1
Ej .
Proof. Suppose that x ∈ EMf \E|f |. Since x 6∈ E|f |, |f | is continuous(even
differentiable) at x. Therefore, if Mf(x) > |f(x)|, there exists j0 ∈ N such
that Mf coincides with M 1
j0
f in a neigbourhood of x. In this case it clearly
holds that x ∈ Ej0 . On the other hand, if Mf(x) = |f(x)|, then it is easy
to check that x ∈ EMf \E|f | implies that there exists a sequence hk → 0 as
k →∞ and c > 0 such that
(37) Mf(x+ hk) ≥ |f(x)|+D|f |(x) · hk + c|hk|
for all k ∈ N. Let then rk ∈ Rf(x+ hk), thus Mf(x+ hk) = |f |rk(x). Then
it holds that lim infk→∞ rk > 0, since the opposite claim would yield a con-
tradiction with (37) by virtue of Lemma 3.4. This in turn implies that there
exists j0 ∈ N such that M 1
j0
f(x + hk) = Mf(x + hk) for k large enough.
Therefore, it clearly follows that max{|f |,M 1
j0
f} is not differentiable at x,
thus x ∈ Ej0 . This completes the proof. 
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As a corrollary, we obtain that maximal operator preserves the a.e. dif-
ferentiability:
Theorem 3.10. If f is a.e. differentiable and Mf 6≡ ∞, then Mf is a.e.
differentiable.
Proof. It is elementary fact that if f and g are differentiable a.e., then the
same holds for max{f, g} as well. Combining this with Lemma 3.9 gives the
claim. 
Remark. Theorem 1.2 also follows directly from Theorem 3.5 (without
Lemma 3.9) by using Stepanov’s Theorem ([F, 3.1.8]), which says that any
measurable function f : Rn → R is differentiable a.e. outside the singular
set Sf .
3.4. Proof of Theorem 1.2. Theorem 1.2 deals with the case where the
Lipschitz-assumption for f in the latter statement of Corollary 3.8 is dropped,
indeed the assumptions in Theorem 1.2 were that f : Rn → R is continuous
and differentiable outside a σ-tangential set and Mf 6≡ ∞. We have to show
that then Mf is also continuous and differentiable outside a σ-tangential
set. The claim turns out to follow easily from Lemma 3.9 and the following
elementary proposition:
Proposition 3.11. Let f and g be differentiable outside σ-tangential sets Eg
and Ef (respectively). Then max{f, g} is differentiable outside a σ-tangential
set.
Proof. Let E denote the set where max{f, g} is not differentiable. Observe
first that E∩{f(x) 6= g(x)} ⊂ Ef ∪Eg, and E∩{f(x) = g(x)}∩(Ef ∪Eg) ⊂
Ef ∪Eg. Therefore, it suffices to show that
E ∩ {f(x) = g(x)} \ (Ef ∪ Eg) is σ-tangential .
This follows easily by observing that if x lies in the above set, then Df(x)
and Dg(x) exist and Df(x) 6= Dg(x), implying that {f = g} is tangential
at x . 
As in Lemma 3.9, denote by E|f |, Ej and EMf the non-differentiability
points of |f |, max{|f |,M 1
j
f} and Mf , respectively. Since f is differentiable
up to σ-tangential set, the same applies to |f |, as well. Thus E|f | is σ-
tangential. Moreover, Corollary 3.8 guarantees that M 1
j
f is differential up
to a σ-tangential set for each j ∈ N, whence Proposition 3.11 above tells
that Ej is σ-tangential for all j ∈ N. Since the union of all these exceptional
sets is again σ-tangential, the claim follows from Lemma 3.9. 
3.5. Other maximal operators and general pointwise maximum func-
tion. It is clear that directional differentiability holds for various other max-
imal functions, as well, and thus Theorem 2.6 is in our use, if only certain
sufficient Lipschitz-conditions are satisfied. This applies, for example in the
case, where the balls in the definition of Mf (or Mλf) are replaced with
n-dimensional cubes, in the case of non-centered maximal operator (where
18 HANNES LUIRO
balls B(x, r) in (1) are replaced with all balls containing point x) or in the
case of so called fractional maximal operator.
One may also consider the following more general class of maximal type
functions satisfying the assumptions of Theorem 2.6: suppose that {fk} is
a countable family of C1-functions fk : R
n → R and define their pointwise
maximum function F by
(38) F (x) = sup
k∈N
fk(x) .
This kind of functions are sometimes called in literature as regular upper
envelopes or pointwise maximum-functions, see e.g. [BC, Chapter 4] and ref-
erences therein. It turns out that assuming {Dfk}k∈N to be locally uniformly
bounded and equicontinuous implies that F is directionally differentiable and
Lipschitz. The proof of this fact turns out to be rather elementary and it is
left to the interested reader.
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